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1. Introduction

1.1 Background

Up to now we have concentrated on the elastic amsalys structures. In these
analyses we used superposition often, knowing that for a linearly elastic structure it
was valid. However, an elastic analysis does not give information about the loads that
will actually collapse a structure. An indeterminateuciure may sustain loads
greater than the load that first causes a yield to occur at any point in the structure. In
fact, a structure will stand as long as it is able to find redundancies to yield. It is only
when a structure has exhausted all of its neldncies will extra load causes it to fail.
Plastic analysis is the method through which the actual failure load of a structure is
calculated, and as will be seen, this failure load can be significantly greater than the

elastic load capacity.

To summarizehis, Prof. Sean de Courcy (UCD) used to say:

Afa structure only coll apses when it

Before analysing complete structures, we review material and cross section behaviour

beyond the elastic limit.
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2. Basis of Plastic Design

2.1 Material Behaviour

A uniaxial tensile stress on a ductile material such as mild steel typically provides the

following graph of stress versus strain:

o _ neclenq

A Uy,

- o
L e ke
foatic Phatic  Stasa ~

As can be seen, the material can sustain strains far in excess of the strain at which

yield occurs bfore failure. This property of the material is calledistility.

Though complex models do exist to accurately reflect the above real behaviour of the
material, the most common, and simplest, model isdbalised stresstrain curve
This is the cwe for anideal elastip| asti ¢ materi al (whi ch

graph is:

5 Dr. C. Caprani



Structural Analysis I
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As can be seen, once the yield has been reached it is taken that an indefinite amount
of strain can occur. Since so much pgisld strain is modelled, the actual maaér

(or cross section) must also be capable of allowing such strains. That is, it must be
sufficiently ductile for the idealised stresgain curve to be valid.

Next we consider the behaviour of a cross section of an ideal giesticc material
subje¢ to bending. In doing so, we seek the relationship between applied moment

and the rotatiorfor more accurately, the curvatuad)a cross section.
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2.2 Cross Section Behaviour

Moment-Rotation Characteristics of General Cross Section

We consider an arbitrargrosssection with a vertical plane of symmetry, which is
also the plane of loading. We consider the cross section subject to an increasing
bending moment, and assess the stresses at each stage.

=0y =Gy S>Jy
= i =
: 1 Hl. E
e b A :‘ K-.-_o ;
S‘.‘-é\d 6?63
@ ®

}
®

Moment-Rotation Curve
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Stageli Elastic Behaviour
The applied moment causes stresses over the-secsisn that are all less than the

yield stress of the material.

Stage 2 Yield Moment

The applied moment is just sufficient that the yield stress of the material is reached at
the outermost fibrés) of the crosssection. All other stresses in the cross section are
less than the yield stress. This is limit of applicability of an elastic analysis and of
elastic designSince all fibres are elastic, the ratio of the depth of theiekasplastic

regions,a =1.0.

Stage 3i Elasto-Plastic Bending

The moment applied to the cross section has been increased beyond the vyield
moment. Since by the idealised strefigin curve the material cannot sustain a stress
greate than yield stress, the fibres #ie yield stress have progressed inwards
towards the centre of the beaihus over the cross section there is an elastic core
and a plastic regionThe ratio ofthe depth othe elastic core to the plastic region is
1.0<a <0. Since extra moment is being applied and no stress is bigger than the yield
stress, extra rotation of the section occurs: the monmation curve losses its

linearity and curves, giving more rotation per unit moment (i.e. lodsggeess).

Stage 4i Plastic Bending

The applied moment to the cross section is such that all fibres in the cross section are
at yield stress. This is termed the Plastic Moment Capacity of the seicienthere

are no fibres at an elastic streass 0. Also note that the full plastic moment requires

an infinite strain at the neutral axis and so is physically impossible to achieve.
However, it is closely approximated in practickny attempt at increasing the

moment at this point siply results in more rotation, once the crgsstion has
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sufficient ductility. Thereforein steelmembersthe cross section classification must

be plastic and in concreteemberghe section must be undezinforced.

Stage 5 Strain Hardening
Due to stain hardening of the material, a small amount of extra moment can be

sustained.

The abovemomentrotation curve represents the behaviour of a cross section of a

regularelasticplastic material. However, it issually further simplified as follows:

taate Poubic
= e
Blogbc e

With this idealised momembtation curve, the cross section linearly sustains moment
up to the plastic moment capacity of the section and then yields in rotation an
indeterminate amount. Again, to use this idealisation, the actual section must be

capable ofustaining large rotatioristhat is it must be ductile.
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Plastic Hinge
Note that once the plastic moment capacity is reached, the section can rotate freely

that is, it behaves like a hinge, except with momentVif at the hinge This is

termed aplastic hinge and is the basis for plastic analys#d. the plastic hinge

stresses remain constant, but strains and hence rotations can increase.
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Analysis of Rectangular Cross Section

Since we now know that a cross section can sustare load than just the yield
moment, we are interested in how much more. In other words we want to find the
yield moment and plastic moment, and we do so for a rectangular section. Taking the
stress diagrams from those of the mommetation curve examirtk previously, we

have:

SELTem) ELAST (C cUsTS - PLASTIC PLAS

Elastic Moment

From the diagram:
M, =C 22 d
3

But, the force (or the volume of the stress block) is:

Hence:
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al d,_ 0623
MY= Sv_b 0_&
geé 2 =3¢
d2
=S,
6
=s, D

The termbd?/6 is thus a property of the cross secticalled the elastic section

modulusandit is termed Z.

Elasto-Plastic Moment
The moment in the section is made up of plastic and elastic components:
M

p

M_ =M,

EP E

The elastic component is the same avimus, but for the reduced deptn instead

of the overall depthy:

E g Y 2 _Q g
.. bd?
=s, G
6
The plastic component is:
M,=C, €
The lever arms, is:
s=ad +)
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But
d-ad d
hP: 2 =_(1 a)
Thus,
s=ad +9 ad
2 2
:E(l )
2
The force is:
C.=s,hb
d
=s b—(1
Y 2( @
Hence,

And so the total elastplastic moment is:

., bd? ba? )
MEP—SY@i% ,947(1 ¥

bd® (3- a°)
Y6 2
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Plastic Moment

From the stress diagram:

v, =c &
2
And the force is:
C=T %YE b
2

Hence:

4 bd 6da
M. = et
P ?Yz C_)Eg
Lo b
4
=s, B

<

The termbd?/4 is a property of the cross section called plastic section modulys

termedS.
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Shape Factor

Thus the rab of elastic to plastic moment capacity is:

9:

M
M

_S
Q z

S

P Y

)]

Y Y

This ration is termed thshape factorf, and is a property of a cross section alone.

Fora rectangular crossection, we have:

_bd/4
bd?/6

f:§
Z

And so a rectangulaection can sustain 50% more moment than the yield moment,
before a plastic hinge is formed. Therefore the shape factor is a good measure of the

efficiency of a cross section in bending. Shape factors for some other cross sections

- B - Rectangle:f =1.5, as above;

are.

Circle: f =1.69¢&;

- ﬁé" ®*  Diamond: f =2.0;

P .l- e » o Steel tbeamifis between 1.12 and 1.15.
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Moment Rotation Curve of a Rectangular Section
It is of interest to examine the momentation cure as the moment approaches the
plastic moment capacity of theection. We begin by recalling the relationship

between straine, and distance from the neutral axis,
e= ¥

This is a direct consequencetbé assumption that plane sections remain plane and is
independent of any constitutive law (e.g. linear elasticity). We next identify the yield

strain (that corresponds to the yield stresg, as e,. Thecurvature that occurs at the

yield moment is therefore:

- 8 45 €
“Tg Fd

For moments applied beyond the yield moment, the curvature can be found by noting

that the yield straing,, occurs at a distance from the natiixis ofad/2, giving:

From whicha = &/ .
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Also, the ratio of elastplastic moment to yield momeist

bd2 3- a*
M _ é 13 a’)
- bd2
M, 5,2 2

If we now substitute the valug = 4/ we find:

N

Qo
Bay
1-O: O

M
M

NI
D Py®
UO |
5

And sofinally we have:

Z‘z
I
=
(6] ]

o
Ve
x
10 OP

Plotting this gives:

15— —— = — — = = = e

1.25

> 1
2 0.75 A :
0.5 -

0.25 '
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There are some important observationsdartade from this graph:

9 To reach the plastic moment capacity of the section requires large curvatures. Thus
the section must be ductile.

1 The full crosssection plasticity associated with the plastic moment capacity of a
section can only be reached at iitBncurvature (or infinite strain). Since this is

impossible, we realise that the full plastic moment capacity is unobtainable.

To demonstrate this last point, tithe idea of the plastic moment capacity of section
is still useful, we examing further.Firstly we note that strain hardening in mild steel

begins to occur at a strain of abdile,. At this strain, the corresponding moment

ratio is:

Mﬂzl.s -0.§10° #.49

Y

Since this is about 99.7% of the plastic moment capasi¢ see that the plastic

moment capacity of a section is a good

These calculations are based on a ductility ratio of 10. This is about the level of

ductility a section requires to be of use in any plastic calapslysis.

Lastly, for other crossection shapes we have the momrantature relations shown

in the following figure.
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M/M,
& =20
@ -7
B =15
() f=1.27
-
-~
Ideall-Section {° 1.0)J
Typicall-Section {° 1.14)
>
K| &

(Adapted from Bruneau et al (1998))
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Effect of Axial Force on the Plastic Moment Capacity

Thus far the cross sections consideaeel only carrying moment. In the presence of
axial force, clearly some material must be given over to carry the axial force and so is
not available to carry moment, reducing the capacity of the section. Further, it should
be apparent that the moment capaof the section therefore depends on the amount

of axial load being carried.

Considering a compression load as positive, more of the section will be in
compression and so the neutral axis will drop. If we consider the moment and axial

force separatelyye have:

S
{ SN
i
!
|
v
i
TR
J
2
|
N ¥
t

Mopment Axid Conilinec!

This is more easily analyzed if we consider decompose the stress diagram into an

equivalent bending component and a fictitious axial stre@s pfas shown below:

/ g \ -

/

/ — 2er,

A - / — T F - -
Z —" 4
“‘ 5 S Sy
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The axial force corresponding to this state is:

P=2s,b( Al
I f we | abel the plastic 6squash | oadd
P.=s,bd
Then we have:
P=2bP,

Next, the collapse moment that this section offéfls., is got by takig moments
about the centroidal axis:

Giving,

21 Dr. C. Caprani
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Mo =M(1 -4b?)

Noting that26 = P/R. from earlie, we now have:

o 2
Mo 2 apP
=1 {2b)" % o
P (; c -
Thus the interaction equation is:
&M.. GAP ©
PC e
&, o o
¢cMe sche =

Plotting this showshe yield surface (which can be shown is always convex)

Rectangular Section

— =— |-Section

Mpc/Mp

Also shown in this plot is an approximate interaction lind feections, given by:
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Psois: Mee 4484 P

I:)c MP C C
E(1:0.15: Mec =1.0
Pc MP

This says that for-$ections with an axial load of less than 15% of the squash load,
the full plastic moment capacity may be still considered. This is because the web

carries the axial load whilst coiliuting little to the moment capacity of the section.

Shear force can also reduce the plastic moment capacity of a section in some cases. Ir

the presence of axial and shear, a three dimensional failure surface is required.
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2.3 Plastic Hinge Formation

Simply-Supported Beam

We investigate the collapse of a simply supported beam under central point load with

the information we now have.

Bord

o(b i ’ P(&.yﬁc—
=]
%} e
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Therefore the load at which yielddt occurs is:

M. =M, —PZL
| p =M,
L

Collapse of this beam occurs when the plastic hinge forms at the centre of the beam,
since the extra hinge turns the statically determinate beam into a mechanism. The
collapse load occurs when the moment at ¢betre reaches the plastic moment

capacity:

M.=M, —PZL
| p =AM,
L

The ratio collapse to yield load is:

B _4M,/L M,
P 4M,/L M,

But since,

<

<

11
N| w0
1

<

The ratio is just the shape factor of the sectidms is a generalesult:the ratio of
collapse load to first yield load is the shape factor of the member, for statically
determinate prismatic structures
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Shape of the Plastic Hinge

We are also interested in the plastic hinge, and the zone of-plastic bending. As
canbe seen from the diagram, the plastic material zones extend from the centre out to

the point where the moment equals the yield moment.

Using similar triangles from the bending moment diagram at collagssee that:

-M
L I 2z

EP

In which M, is the elasteglastic moment at a distanzdérom the plastic hinge, and

I : : .
wherez ¢ -2, wherel is the total length of the plastic region.
2 p

Equating the first two equations gives

(@]

M
M

Y L

P

L
p Mp

(MP 'MY) L=g§ 1
c f

O ?d_hﬂ)o

And so for a beam with a rectangular cross sectiorn1.5) the plastic hinge extends

for a length:

1-O:On
wlir

1.5

|p:|_;% -
¢

Lastly, the shape of the hinge follows from the first and third equatio
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MPzMP_MEP

L 2z

Z 1

Iz—P(MP -MEP)

z 14 M_ 0

L7228 wm, ¢
v P

From our expressions for the elagiastic and plastic moments, we have:

z_14 s(bd2/6)]/2( 8)

L 2{? s, (bd?/4)
_18 2 Lo\ B
=53 5 B8

z_a

L 6

This shows that the plastic region has a parabolic profile, and confirms that the total

length of the hingel,) =2z, is L/3 at the location where =1.0.

Using a similar form of analysis, we can show that under a UDL the plastic hinge has

a linear profile given byz/ L= 2a+/3 and that itdength is L/«/§
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3. Methods of Plastic Analysis

3.1 Introduction

There arghreemainapproachefor performinga plastic analysis:

The Incremental Method

This is probably the most obvious approach: the loads on the structure are
incremented until the first plastic hinge forms. This continues until sufficient hinges
have formed to collapse the structure. This is a labonort ensi ¥y er c &b

approach, but one that is most readily suited for computer implementation.

The Equilibrium (or Statical) Method

In this method, free and reactant bending moment diagrams are drawn. These
diagrams are overlaid to identify the likely locations of plastic hinges. This method
therefore satisfies the equilibrium criterion first leaving the two remgiariterion to

derived therefrom.

The Kinematic (or Mechanism) Method

In this method, a collapse mechanism is first postulated. Virtual work equations are
then written for this collapse state, allowing the calculations of the collapse bending
moment diagam. This method satisfies the mechanism condition first, leaving the

remaining two criteria to be derived therefrom.

We will concentrate mainly on the Kinematic Method, but introdaosv the

Incremental Method to illustrate the main concepts.
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3.2 Incremental Analysis

lllustrative Example i Propped Cantilever

We now assess the behaviour of a simple statically indeterminate structure under

increasing load. We consider a propped cantilever withapéh point load:

M (%LT f: b
k ——

e Yz

From previous analyses we know that:

v Pl SR
16 32

We will take the span to b& =1 m and the cross section to have the following

capacities:
M, =7.5 kKNm M, =9.0 kNn
Further, we want this beam to be safe at a working load of 32 kN, so we start there.

We will also look at the deflections for better understanding of the behaviour. To do
this, we will takeEl =10 kNnf.
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Load of 32 kN

At this value of load the BMD is as shown, with:

Since the peak moments dess than the yield moments, we know that yield stress
has not been reached at any point in the beam. Also, the maximum moment occurs at

A and so this point will first reach the yield moment.

- ip&w
64—_-1‘\.__- — "'%
I
S

The corresponding deflectiamder the point load:

. 7P 7(32)(2)

= 29.17
© 7681 764 10 m

The rotation af is, of course, zero.

The load factor before yielding occurs, based on the maximum momeéytafadl the
yield moment is 7.5/6 = 1.25. Thus a load of 1.25 x 32 = 40 kN will cause yielding.
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Load of 40 kN
At this load the BDM becomes that as shown. The momeAthets now reached the

yield moment and so the outer fibresfadre at yield stress.

The deflection is:

_7(49)(f)

° 76810

36.45 mn

Which is the same as the load factor 1.229XL7mm of course. Tis applies because

the beam is linearly elastic to this point. The rotatioA iststill zero.
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Load of 48 kN

The BMD is as shown. The moment A&tis now 9 kKNmi the plastic moment
capacity of the sectiohand so the cross sectionfahas fully yieldel. Thus a plastic
hinge has formed & and so no extra moment can be takeAabut A can rotate
freely with constant moment of 9 kNm. Also, the momer &ias reached the yield
moment. Note that the structure does not collapse since there are roesLifinges
for it to be a mechanism yet: it now acts like a sirglpported beam with a pin At

(the plastic hinge) anB (the pin support).

Plostic
Ping e #P—ﬁ%’k«s

e
S
¢

‘sﬁsa o~
9

T

L L

7S
On the assumption of adealised momentotation curvethe deflection is now:

_7(49(%)
° 76910

Z3.75 mn

And the rotation aA is till zero (although it is free to rotate beyond this point).

Note that the assumption of an idealised bilinear mosraation curve means that
the actual deflection will be greater as some rotation will oGécisee Moment

Rotation Curveof a Rectangular Sectiamn pagel6 for example.
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Load of 54 kN
Since the moment & has already reached tipdastic moment of the section, no

extra moment can be taken there add must remain 9 kNmwhilst allowing

rotation to freely occurTherefore, all of the extra moment caused by the increase in
load of 54- 48 =6 kN must be taken by the structure as if it were a sirsplyported
beam. That isa beam free to rotate at both ends. The extra momeatisthus
PL/4=6 $4 155 kNn bring the total moment & to 9 kNmi the plastic moment
capacity of the section. Therefore a plastic hinge forn@ @td the structure is not

capable of sustaing anymore load becomes a mechanisin and so collapse

ensues.

iP':-S\{-LAS
4“«{*\ P
T N“‘.—«-";_

1IN

{1]8%
%

The deflection is now comprised of two parts: the propped cantilever deflection of
1.05 mm, and the simpisupported beam deflection due to the extra load af 58
= 6 kN. Similarly tle rotation aA now comes from the additional 6 kN load only:

a. =43.75 % =56.25 mm q EPGEI (lgf)’é(fﬁ)) 37.5 mr

This behaviour is summarized in the following diagram:
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P:SVWLAJ " 655;3
#f 1’ 5 i k__‘_qj_é%:: + ?é____é—%
@ g 4 by &
" q

l X = hw = W
1-§
9 7.

Since there are now two plastic hinges, the structure cannot sustain any more load

and thus collapses &# kN.

The loaddeflection graph of the results shows the formation of the first hinge, as the

slope of the line changes (i.e. the structure becomes less stiff):

—o— Deflection at C —m— Rotation at A

Load (kN)

000 10 20 30 40 50 60
Deflection (mm), Rotation (mrad)
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Discussion

There are several things to note from this analysis:

1. The actual load carrieloly the beam is 54 kN, greater than the load at which yield
first occurs, 40 kNthe elastic limit. This difference of 35% represents the extra
capacity of the structure over the elastic capacity, so to ignore it wouldripe
inefficient.

2. At the end of te analysisM, =M_ 9 kNm and soM,/M_=1. Since for an

elastic analysisv, /M =(3PL/16)/( 5PL/ 39 =L.., it is evident that our analysis

IS not an elastic analysis and so is a plastic analysis.

3. The height of the free bending ment diagram wasPL/4 throughout, as

required by equilibriuni only the height of the reactant bending moment diagram
varied.This is the basis of the Equilibrium Method.

4. At the point of collapse we had 4 reactions and 2 plasticekimggving a statical
indeterminacy ofR- C -3 4 2- 3 - Iwhich is a mechanism and so collapse
occurs.

5. The load can only increase from 48 kN to 54 kN once the cross sectohaat
sufficient ductility to allow it rotate thereby allowing the extoad to be taken at
C. If there was not sufficient ductilitthere may have a brittigype catastrophic
failure atA resulting in the beam failing by rotating ab@ibefore the full plastic
capacity of the structure is realized. Therefore it is onlyhhying sufficient

ductility that a plastic analysis can be used.

Some of these points are general for any plastic analysis and these generalities are
known as theTheorems of Plastic Analysi$iowever, before looking at these
theorems we need a simpler waf analysing for e collapse of structures: the

IncrementaMethodjust usectlearlyworks, but is very laborious.
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3.3 Important Definitions

Load Factor
The load factor for a possible collapseechanismi, denoted/ , is of prime

importance in plastic analysis:

/ = Collapse Load for Mechanish
i Working Load

The working load is the load which the structure is expected to carry in the course of

its lifetime.

The collapse load factor,., is the load factor at which the sttue will actually fail.
It is therefore the minimum of the load factors for thedifferent possible collapse
mechanisms

/.=min /

18 6,

In our previous analysis the working load was 32 kN and the collapse Io#efo

singlemechanisnwas found to be 54 kN. Hence:

/. =22 4 687E
32
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Factor of Safety

This is defined as:

_ First yield loac
Working Load

FoS

The FoS is an elastic analysis measure of the safety of a design. For our example:

FoS= 40 =1.2¢
32

Prior to the limitstate approach, codes of practice were based on this definition of

safety.
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3.4 Equilibrium Method

Introduction

To perform this analysis we generally follow the following steps:

1.

o gk w N

Find a primary structure by removing redundantsl uhe structurds statically
determinate;

Draw the primargor free)bending moment diagram;

Draw thereactanBMD for each redundanas applied to the primary structure;
Construct a composite BMD by combing the primary and reactant BMDs;
Determine theequilibrium equations from the composite BMD;

Choose the points where plastic hinges are likely to form and introduce into the
equilibrium equations;

Calculate the collapse load factor, or plastic moment capacity as required.

For different possible collagg mechanisms, repeat steps 6 and 7, varying the hinge

locations.

We now apply this method to the Illustrative Example previously analyzed.
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lllustrative Example i Continued

Steps 1 to 3 of the Equilibrium Method are illustrated in the following diagram:

P Mg
(2 ! . N
7 y Cu/z_z*%r W

—
- —
—

PL/y

+
hl(l\.\.,

Ma

I

For Step 4, in constructing the Composite BMD, we arbitrarily choose tension on the
underside of the beam as positive. By convention in the Equilibrium Method, instead
of drawing the two BMDs on opposite sides (as is actually the case), the reactant
BMD is drawn oflippedd over the | ine an

remaining area is the final BMD. This is best explained by illustration below:

W]A/Q_

::> Vi )
W=
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As may be seen fro the composite diagrani ,, can actually have gnvalue (for

example, if a rotational spring support existedgtonce overall equilibrium of the

structure is maintained through the primary (or free) BMD ordinatelLg#.

For Step 5, from the diagram, the equilibrium equaion

v =Pt M,
4 2

For Step 6, we recognize that there are two hinges required to collapse the structure
and identify the peak moments from the diagram as beiAgaatlC. Thus these are

the likely hinge locations. Settingl , =M. =M in the equilibrium equation gives:

PL M,
4 2

MP

This is equivalent to drawing the following diagram:

For Step 7, we solve this equation for the collapse load:
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3y -PL
2 7 4
o= M,

L

For our particular exampld, =1 m, M, =9 kNm, andP =32/ . Thus:

32/ =509
1
And so the collapse load factor is:
/. =1.687¢

Which is the same as the results previously found.
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3.5 Kinematic Method Using Virtual Work

Introduction

Probably he easiest way to carry out a plastic analysithisugh the Kinematic
Methodusng virtual work. To do this we allow the presumed shape at collapse to be
the compatible displacement set, and the externaliigaand internal bending
moments to be the equilibrium set. We can then equate external and internal virtual

work, and solve for the collapse load factor for that supposed mechanism.

Remember:
9 Equilibrium set: the internal bending moments at collapse;

1 Compatible set: the virtual collapsed configuration (see below).

Note that in the actual collapse configuration the members will have elastic
deformation in between the plastic hinges. However, since a virtual displacement
does not have to be real, only quaible, we will choose to ignore the elastic
deformations between plastic hinges, and take the members to be straight between

them.
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lllustrative Example i Continued

Actual Collapse Mechanism

So for our previous beam, we know that we require two hingegdllapse (one
more than its degree of redundancy), and we think that the hinges will occur under
the points of peak momem,andC. Therefore impose a unit virtual displacement at

C and relate the corresponding virtual rotations of the hinges &néy, giving:

324
3 {
%’131 ?—t;;r

=

1K
B

Notice that the collapse load is the working load times the collapse load fator.

= W
(32/)(D=(M.)(2 4M.)(4
32/ =6M,
/—@ 4.687¢
32

since M, =9 kNm. Thisresultis as found before.
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Other Collapse Mechanisms

For the collapsenechanisnmooked at previously, it seemed obvious that the plastic
hinge in the span should be beneath the load. But Wisy®y virtual work we can
examine any possible collapsgechanism So | et 6 s ciogncellapdee r  t

mechanisnand seavhy the plastic hingbas to be locatebleneath the load.

Plastic Hinge betweem and C:

Imposing a unit virtual deflection & we get the following collapsaechanism

And so the virtual work equation becomes:

aw, = &

(s21)(08=(M.)5 %, §M.) 1z ®

D

At A

e2a+(l -a) @
16/ :Mpé—l( ) U
é - a u

=
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And sinceM_ =9 kNm:

_9ea+l

/ == = = Eqg. (1
I<a ©.5 1681‘ a q ( )

And so we see that the collapse load factor for thexhanismdepends on the

position of the plastic hinge in the span.

Plastic Hinge betweerC and B:

Again imposing a unit virtual deflection Btwe get:

Q'A"Q' 224 .‘L
pi L

And so the virtual work equation becomes:

N, = W
30.5 5 & 5, aa
(532/)@_—a 5(M:) 15 *(@p) I age}

3 5 e2a+(l1 -a) @
1o82 Gy g2t e
¢cl-a =+ g 1l-a 0

16/a=M,(1 +a)
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Using M, =9 kNm:
/ =— i Eqg. (2

And again we see that the load factor depends opasigon of the hinge.

Summary
Plotting how the collapse load factor changes with the position of the hinge, we get:

w
ol
1

Load Factor /
w

2.5 1
5 —Eql
15 4 1.6875 Eq2
1 T T T T T T T T T 1
0 01 02 03 04 05 06 07 08 09 1

Distance from Support A (m)

This tells us that when the load reaches 1.6875 times the working load (i.e. 54 kN) a
hinge will form underneath the load, at po)t0.5 m from supporA. It also tells us

that it would take more than 54 kN for a hinge to form at any other @asamingt
hadnoét al r e aTthysthdacualoodagse dd faGor is the smallest of all

the possible load factarddencewe cansee that inanalysing proposed collapse

mechanisms, we are either correff £1.6875) or we are unsafe/(> (). This is

why plastic analysis is anpperboundnethod.
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3.6 Types of Plastic Collapse

Complete Collapse

In the cases considered so far, collapse occurred when a hinge occurred for each of
the number of redundants, (making it a determinate structure) with an extra hinge

for collapse. Thus the number of hinges formmdd=r 4 (the degree of

indeterminacy plus one).

Partial Collapse

This occurs wherh<r 4, but a collapse mechanism, of a localised section of the

structure can form. A common example is a single span of a continuous beam.

Over-Complete Collapse

For some frenes, two (or more) possible collapse mechanisms are fduna (4)
with the actual collapse load factor. Therefore they can be combined to form another
collapse mechanism with the same collapse load factor, but with an increased number

of hinges,h>r 4.
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4. Theorems of Plastic Analysis

4.1 Criteria

In Plastic Analysis to identify the correct load factor, there are three criteria of

importance:

1. Equilibrium : the internal bending moments must be in equilibrium with the

external loading.
2. Mechanisnt at collapse the structure, or a part of, can deform as a mechanism.

3. Yield: no point in the structure can have a moment greater than the plastic

moment capacity of the section it is applied to.

Based on these criteria, we hakie following theorems.
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4.2 The Upperbound (Unsafe) Theorem

This can be stated as:

If a bending moment diagram is found which satisfies the conditions of equilibrium
and mechanism (but not necessarily yield), then the corresponding load factor is

either greaér than or equal to the true load factor at collapse.

This is called the unsafe theorem because for an arbitrarily assumed mechanism the
load factor is either exactly right (when the yield criterion is met) or is wrong and is
too large,leading a designeto think that the frame can carry more load than is

actually possible

Think of itlikethissunl ess i1 todés exactly right, 11t0:

Since a plastic analysis will generally meet the equilibrium and mechanism criteria,
by this theorem a plastic analg is either right or dangerous. This is why plastic

analyses are not used as often in practice as one might suppose.

The above theorem can be easily seen to apply tiluk&ative Example When we
varied the position of the hinge we found a colldpsel factor that was either correct
(/ = { “A.687%) or was too big{ > {).
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4.3 The Lowerbound (Safe) Theorem

This can be stated as:

If a bending moment diagram is found which satisfies the conditions of equilibrium
and yeld (but not necessarily that of mechanism), then the corresponding load|factor

Is either less than or equal to the true load factor at collapse.

This is a safe theorem because the load factor will be less than (or at best equal to)
the collapse load fagt once equilibrium and vyield criteria are met leading the

designer to think that the structure can carry less than or equal to its actual capacity.

Think of it like this:i t efther wrong and safe or right and safe.

Since an elastic analysis will alwayneet equilibrium and yield conditions, an elastic

analysis will always be safe. This is the main reason that it is elastic analysis that is

used, in spite of theignificantextra capacity that plastic analysis offers.
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4.4 The Unigueness Theorem

Linking theupper and lowerbound theorems, we have:

If a bending moment distribution can be found which satisfies the three conditions of
equilibrium, mechanism, and yield, then the corresponding load factor is the true

load factor at collapse.

So to have identifid the correct load factor (and hence collapsehanisyfor a
structurewe need taneet all three of the criteria:

1. Equilibrium;

2. Mechanism;

3. Yield.

The permutations of the three criteria and the three theorems are summarized in the

following table

Upperbound Lowerbound

Criterion (Unsafe) Theore (Safe) Theorenr Unique Theoren
Mechanism a Q

. u/ 2 { i
Equilibrium y 0 u/ = {
Yield ur e L
e y y

The Uniqueness Theorem does not claim #rgt particularcollapse mechanisiis
uniquei only that the collapse load factor is unique. Although rare, it is possible for
more than oneollapse mechanisto satisfy the Uniqueness Theorem, but they will

have the same load factor.
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45 Corollaries of the Theorems

Some aer results immediately apparent from the theorems are the following:

1. If the collapse loads are determined for all possible mechanisms, then the actual

collapse load will be the lowest of these (Upperbound Theorem);

2. The collapse load of a structure cahhe decreased by increasing the strength of

any part of it (Lowerbound Theorem);

3. The collapse load of a structure cannot be increased by decreasing the strength of

any part of it (Upperbound Theorem);

4. The collapse load is independent of initial stressed the order in which éh

plastic hinges form (Uniqueness Theorem);

The first point above is the basis for using virtual work in plastic analysis. However,
in doing so, it is essential that the designer considers the actual collapse more. To not

do so wuld lead to an unsafe design by the Upperbound Theorem.
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4.6 Application of the Theorems

lllustrative Example i Continued

Plastic Hinge Under the Load
We discovered previously that the collapse load factor was 1.6875 and this occurred
when the hinge was und#re point load. Therefore, this collapsechanisnshould

meet all three criteria of the Uniqueness Theorem:
1. Equilibrium: check on the moment Gtsay:

1(4 r 3
P R

A M aboutA= 0 54M.5 9V.- 0=, Y 18%k

Thus, from a fredody diagram ofCB|, M_ =18 (5 $kNm as expected. Thus the

equilibrium condition is met.

2. Mechanism: Given the number of hinges it is obvious the structure collapses:

R-C3 & 2- 3- 1
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3. Yield: Check that there is no moment greater tNan=9 kNm:

M:o.__.._ 1’

And so the yield criterion is met.

Since all three conditions are met we are assured that the have the actual collapse

load factor by the Uniqueness Theorem.
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Other Collapse Modes
Using the analyses carried out previously for different posstiof the plastic hinge,
we can check these collapse modes against the Uniqueness Theorem. For the case o

the hinge betweeA andC:

To determine this BMD, we calculate the reactdnby considering the free body

diagramBCD:

4 M aboutD= 0 \M, +32(a 0 V,a

\ 'V, M, 82/ 16/
a a
Thus the moment under the point load is:
. M 8/
M_=0.5 = 16t —
c Q 2a a
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Substituting in the expression férfrom Eq. (1) previously:

[T

C

M. g 8 M. aa
2a C a1611;

@
I

Which after some algebra becomes:

e a
M=

I\/Ic Pgl_ a

And so becaus®.5¢a ¢1.C, M_2 M_ as shown in the BMD. Only whea=0.5

doesM. =M., which is of course the correct solution.

For the case ohe hinge being betwedhandB, we have:
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Again, we find the reactiolW, by considering the free body diagrérs:

AMaboutD=0 \M, V.a 8 W Mg
a

Thus the moment under the point loadCas:

el

M il
F82a

=M

C

And shceOc¢a @.5thena ¢l/2a ¢and soM_ 2 M. Again only whena=0.5
doesM_ =M..

Summary
We have seen that for any position of the plastic hingeer thanat exactlyC, the
yield condition is not met. Therefore, in such cases, the Uniqueness Theorem tells us

that the solution is not the correct one.

Notice that in these examples the mechanism and equilibrium conditions are always
met. Therefore the Upperbod Theorem tells us that our solutions in such cases are

either correct (as in whea=0.5) or are unsaféas in/ > /).

In cases where one of the conditions of the Uniqueness Theorem is not met, we

assume a dierent collapsenechanisnmand try again.
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4.7 Plastic Design

Load Factor and Plastic Moment Capacity

When we come to design a structure using plastic methods, it is the load factor that is
known in advance and it is the plastic moment capacity that is thetigbjeThe

general virtual work equations for a proposed collapsehanism is

aw, = &
/@R ¢ =AM,

In whichj is an individual load and deflection or plastic moment and rotatioropair

collapse mechanism If we take theM, of each member to be some factbr,of a

nominal M, then we have:
/@R M &

Since work is a scalar quantity, and since the sum of work done on both sides is
positive, we carsee that the load factor and plastic moment capacity have a linear

relationship of slopenfor each collapsenechanisn:

/i:|\/|P Bfl_g

a Rd,
[ =m o

Thus for each collaps@aechanisml1¢k @), we can plot the load factor agat the

plastic moment capacity. We do so for two cases:
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1. Load Factor Requireid Design Plastic Moment Capacity Known

We can see from this graph that for a particular value of the plastic moment capacity,

M., *, collapsemechanisnk gives the loweskad factor and so bthe Upperbound

Theorems the true collapsmechanism

2. DesignLoad FactoKnowni Plastic Moment Capacity Required

) &
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From this graph we can see that for a particular value of the load fac¢tpcollapse

mechanisnk gives the highest design plastic moment capadity, However, since

by the Upperbound Theorem we know collapsechanisnk to be the true collapse

mechanismit is therefore the highest value bf, from eachof the mechanisrathat

IS required.
Mathematically, using the Upperbound Theorem, the above is summarized as:
[.=min {
=min[m ©,]

=M_minm

Hence when the desired is specified:

M, =
minm
_ el o
- e U
©Em g
&3 Pd
|\/|P=/Cmax;"_’_1 i
@afj g

In summary if:
1 Design plastic moment capacity is knowdesign forlowestload factor;

1 Design load factor is knowindesign forhighestplastic moment capacity.
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4.8 Summary of Important Points

Number of Hinges Required for Collapse:

In general weequire sufficient hinges to turn the structure into a mechanism, thus:

No. of Plastic
_ = ’Indet #
Hinges Required

However, this does not apply in cases of |gaatial collapses.

The Three Theorems of Plastic Analysis:

Upperbound Lowerbaund

Criterion (Unsafg Theoren (Safg Theorem Unique Theoren
Mechanism a Q
. a2 L i
Equilibrium y Q u/ = {
Yield ure ¢ !
e y y

Collapse Load Factor

By the Unsafe Theorem, which applies when the virtual work method is used:

/.=min /

16 6,

Design Value of Plastic Moment Capacity

The design value oM, is the maximum of the design values fof, from each

collapsemechanism

M_ =maxM .

1¢i o,
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5. Plastic Analysis of Beams

5.1 Example 171 Fixed-Fixed Beam with Point Load

For the following beam, find the load at collapse, given Mat=60 kNm:

P
I

J 6 LT,

4
)4

To start the problem, we examine the usual elastic BMD to see where the plastic
hinges are likely tdorm:

[Ce l//(
‘ ',", : Bo“'b

We alsoneedtoknowow many hinges are required.
indeterminateand so we might expect the number of plastic hinges required to be 4.
However, since one of the indeterminacies is horizontal restraint, removing it would
not change the bendinglbaviour of the beanThusfor a bending collapse only 2

indeterminacies apply and so it will only take 3 plastic hinges to cause collapse.

So |l ooking at the el as tmechanBriwihthe & plasticl a ¢
hinges at the peak moment ltoas: A, B, andC.
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Next, we impose a virtual rotation gfto the plastic hinge a and using thes= Ry

rule, relate all other displacements taitd then apply the virtual work equation

it
L,

oW, = W
P(67)=M.( ¢ M.( g3) gv(3)
6Pg=8M_, g
:§MP
6

Since M, =60 kNm the load required for collapse =80 kN and so the collapse

BMD for this mechanisms:

We need to check that this is the correct solution using the Uniqueness Theorem:
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1. Equilibrium:

We 6 | | check that the hei pgehttecdldpseBMDBE f r e €

Ko
X ‘ 3

r..

2
\)AL 6 < T 4‘@

AMaboutA=0 \ 806 % 0= V,\ 60k

Thus, using a free body diagram@B:

AMaboutC=0 \M_, -¥ © M, 120kNi

B C

And so the applied load is in equilibrium with the free BMD of tbkkapse BMD.

2. Mechanism:

From the proposed collapsgechanisnit is apparent that the beam is a mechanism.

3. Yield:
From the collapse BMD it can be seen that nowheh jexceeded.

Thus the solution meets the three conditionssandy the Uniqueness Theorers

the correct solution.
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5.2 Example 271 Propped Cantilever with Two Point Loads

For the following beam, for a load factor of 2.0, find the required plastic moment

capacity:

ISk 3ok
A v v .
9 c ) ;

Allowing for the load factor, we need to desige theam for the following loads:

[SohA éoba
A g Z{ }—b %3

e

Once again we try to picture possible failmnechanisma. Since maximum moments

occur underneath point loads, there are two real possibilities:

Mechanism1: Plastic Hinge atC Mechanism2: Plastic Hinge atD
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Therdore, we analyse both and apply tbeperboundTheoremto find the design
plastic moment capacity.

Mechanism1: Plastic Hinge atC:

=
>
vO
N

But the load factor/ =2.0, giving M, =144 kNrr.
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Mechanism2: Plastic Hinge atD:

= W

270/ ¢4, g
w, =27,
4

Using / =2.0then givesM_ =135 kNm.

So by the application of the Upperbound theorem for the design plastic capacity, we

chooseM_ =144 kNmr as the design moment and recogrtechanisml to be the

correct failuremechanismWe check this by the Uniqueness Theorem:

1. Equilibrium:
UsingtheBMDat col |l apse, weol | check that th
equivalent simphsupported beam. Firstly the collapse BMD frdvtechanisnt is:
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4y

Hence, the total heights of the free BMD are:

M_ =96 144 240 kNn
M, =48 432 280 kNn

Checking these using a simgdypported beam analysis:

llb’o to
5 a1
Va f +Ve
T s
290 (30 (b

A4 M aboutA= 0 \ 1502 60 406 - 0V= \90 k!
4F, =0 \150 460 90 V- 0=V, \ 120Gk

Thus, using ppropriate fredody diagrams oAC andDB:
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M, =120 @ 240 kNn
M, =90 & 180 kNm

And so the applied load is in equilibrium with the free BMD of the collapse BMD.

2. Mechanism:
From the proposed collapseechanismt is apparet that the beam is a mechanism.
Also, since it is a ppped cantileveand thusone degree indeterminatee require

two plastic hinges for collapse, and these we have.

3. Yield:
From the collapse BMD it can be seen that nowhetteeislesignM , =144 kN

exceeded.

Thus by the Uniqueness Theorara have the correct solution.

Lastly, weol IMecghanianicallapse & hoy thetcbrrect solution.
Since the virtual work method provides an upperbound, then, by the Uniqueness
Theorem, it must not be the correct solution because it musteviblayield

condition.

Using the collaps&lechanisn? to determine reactions, we can draw the following
BMD for collapseMechanisn?:
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7MP 1Seo

From this it is apparent théflechanism2 is not the unique solution, and so the
design plastic moment capacity must 144 kNm as implied previously from the

Upperbound Theorem.
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5.3 Example 371 Propped Cantilever under UDL

For the general case of a propped cantilever, find the locations of the plastic hinges at

collapse and express the load at collapse in terms of dx&tiplmoment capacity.

A 8
4¢ 8
Je = -+

When considering UDLs, it is not readily apparent where the plastic hinge should be
located in the span. For this case of a propped cantilever we require 2 hinges, one of
which will occur atA, as should be obvious. Howevere reed to keep the location

of the span hinge variable at sal, fromA:

Aw

Using S= Ry, we find the rotation &:

gaL=L(1 -a) g
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And so:

Thus, noting that the external work done by a UBlthe average distance it moves,

we have:

AW, = W
agal § 3 ,
(IwL)EE= M, (g ™M, &+ 4D
¢2 T ¢ 1a
At C
/ wal? 3 a o
=M + =
2 P%g 1-a 2
/wal_zzlvI 42-a o
2 Pgi-a 9

If we introduce a nowlimensional quantityK * M, /wL?, wehave:

j =k B2 2
acl- a

Thus the collapse load factor is a function of the position of itigeha, as expected.

Also, we can plot the function/K againsta to visualize where the minimum might

occur:
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20 1
o)
g 18 A
©
L 16 -
©
S
S 144
(D)
§ 12
g X 10 (0.586, 11.656)
R
S
2 6 1
(5]
£ 4
=
O T T T T T 1
0 0.2 0.4 0.6 0.8 1 1.2

Position Along Beam, aL

To determine the critical collapse load factor, suing the Upperbound Theorem, we

look for the minimum load factorsing:

To do this, weoll expand the fraction:

du dv
ﬂ’zvdx_ UE(
dx v
a _(a-2)(2) (@ 212
da (a- az)2
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Thus multiplying across bfa- az)2 and simplifying gives:

-2a® 8a 4 C

Thus:

8 (&
2

=2 °\/§

4 2 4
(-2)

Since we knowd ¢ a d, then:

a=2 /2 ©58¢
At this value fora, the collapse load factor is:

M, ~2 &2- 0586

— P A

° wl® 058621 0.586

:11.656M—F;
wlL

These values are shown in t@ph previously. The collapse BMD is:
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The propped cantilever is a good structure to illusttlageuse of the Lowerbound

Theorem. Consider the standard elastic BMD for this structtmeh meets the

equilibrium condition

bd
T Udm)

M raax

2 2
A WL M 9wl
8 128

If we increase the load by a load facforso thatM, =M, and sinceM__ <M, we

meet the yield condition, then we have:

2
Mp:/WL
8
/:SMZ <[ 1:1.656M—F;
wL wL

By meeting the equilibrium angeld conditions, but not the mechanism condition,
we have a lowerbound on the critical load factor without doing the virtual work

analysis. This is one of the main reasons elastic analys@saatly used in practice.
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5.4 Continuous Beams

Common but Special Case

We consider there a common but special case of continuous Bedims and other
forms of continuous beams fall into this categdilye limitations are:

1 All spans are equal;

1 The beam is prismatic (so all spans have eii);

9 All spans are subject to an equal UDL.

Aws

% BOSE L R
= /

ok )

In this case, an overall collapse of the structure cannot occur. Instead, collapse must
occur in one (or more) of the spans separately. However, there are only two types of

spans: interior and end spans. We walhsider these in turn.
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Interior Span

The collapse mechanism for a typical interior span is given below:

al L o
/ wlL?
g =M. q
Thus:
_/wi , A6M,
16 C w2
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End Span

The collapse mecham fortheend spasis given below:

Acos

MMW\MWAWM
o IGQ.L;
bl fo ok )

In this case we do not know immediately where the second hinge is to be located.
However, comparison with the propped cantilever analysis of Example 3 shows that

the analysis is the same. Thus tasults are

A s

M, =
11.656

/

C

11656V
wlL:
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Discussion
Immediately obvious from the forgoing analysis is that the end spans govern the
design of the beam: they require a plastic moment capacity 37% (16/11.656) greater

than the interior spans do.
Two possible solutions tiis are apparent:

1. Strengthen the end spans: provide a section of 37% greater capacity for the end
span. Noting that the plastic hinge must form over the first interior support, the
connection (or splice) between the two beam sections should therefareabtite

point of contraflexure in the penultimate span (about ih&ide the span).

2. Choose the span lengths so that a beam of prismatic section is optimized. The ratio

of lengths must be such that the plastic moments required are the same:

M —_ /Wlent —_ ANLénd
i 16 11.656

Ly _ [11.656 g
L, 16

Thus the most economic design is one where the end spans are 85% of the interior

spans.

Lastly, since it is a single span that is consaddo collapse at a time (and not the
overall structure), the number of hinges requireth &r 4. Thusthe collapse of a

continuous beam is always a partial or complete collapse.
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5.5 Example 471 Continuous Beam

We will analyse the following beam for the loads:

w, =10 kN/m, B, =45 kN, w, =30 kN/m, P, =60 kN
tPi. iz,
¢M-4--»M/M/lw
3! 5
| WI«L,LLJ‘_,L

We carry out the analysis using the Equilibrium Method (since we have used the
Kinematic Method mostly so far).

Firstly we draw the free bending moment diagrams, having chosen the redundants to
be the moments ovéhe supports:

lf{[ (’(' “!‘\]W (‘%’Mﬁ)

70 135 'Zo

Since each span can be considered to collapse separately, we draw the composite
diagramsand write h equilibrium equatiorier each span separately:
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SpanAB:

Note for this span we must takd , = M since it requireshree hinges to fail and

one plastic hinge moment cannot be greater than another (the beam is prismatic):

A G of
MA )L B Al 170

M,,, =170 -M,

Thus if all three moments are to be equaMg at collapse, we have:

M, =170 -M,
2M, =170
M, =85 kNm

SpanBC:
Similarly to span AB, we need three hinges andvgo=M_.:

8
ML h‘Q\:D’Z{ ﬁ:zss
M

M,,, =135 -M,
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At collapse, we again have all moments equaWto:

M, =135 -M,
2M, =135
M, =67.5 KNm
SpanBC:
For Spa BCwe only need two hinges due to the pinned end support:
C D

ch, m"' 120

ro-Mc (3 1
7 2 2

M, =120 —;MC

At collapse, both moments are equaMa :

M, =120 -%MP

gMP:120

M, =90 kNm

Thus the largest plastic moment capacity required is 90 kNnthesas therefore the

solution. The bending moment diagram corresponding to this case is:
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Considering the three criteria for collapse, we have:

1. Equilibrium: met (almost automatically) through consideration of the free and

reactant bending moments diams;

2. Yield: As can be seen from the BMD above, no moment is greaterMhaand

so this condition is met;

3. Mechanism: The end spdfD has two hinges and has thus collapsed. This is a

partial collapse of the overall structure.

Since the three conditions are met, our solution is unique and this correct.
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Lastly, note that for the SpamsB and BC, the reactant line does not have to be
horizontal as shown. Indeed it can lie in any region that maintains the following

equilibium and yield conditions:
‘MA‘¢MP ‘MMid,AB‘ QMP ‘MB‘ I‘IZIP ‘M MidBJ MI:F

This region is the hatched region sketched below:

70 go To l . 5 “
BEatiiss /e _
s ] ARG Y ¢

| y | !
p C135) b Wy S
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5.6 Problems
1. For the following prismatic beam oM_, =80 kNm, find the load factor at

collapse. Ans 2.4)

2. For the following prismatic beam of , find the load factor at

collapse. Ans 1.5)

3. For the following prismatic beam of , find the load factor at

collapse. Ans 1.33)
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